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Abstract
The apparent discrepancy between spectroscopic factors obtained in (e,e′p) and
(d,3He) experiments is investigated. This is performed first for 48Ca(e,e′p) and
48Ca(d,3He) experiments and then for other nuclei. It is shown that the discrep-
ancy disappears if the (d,3He) experiments are re-analyzed with a non-local finite
range DWBA analysis with a bound-state wave function that is obtained from (e,e′p)
experiments.
Key words: NUCLEAR REACTIONS 48Ca(e,e′p), E = 440 MeV; measured
ρ(Em,~pm); deduced spectroscopic factors; comparison of spectroscopic factors from
(e,e′p) and (d,3He).
1 Introduction
Spectroscopic factors deduced from (e,e′p) reactions (see Fig. 1) are found to
be substantially lower [1–3] than the sum-rule limit given by the independent-
particle shell model (IPSM). In contrast to this, experiments with hadronic
probes such as the (d,3He) reaction, generally find spectroscopic factors that
are close to values predicted by the IPSM. However, there is a strong model
dependence in the extraction of these spectroscopic factors from transfer re-
actions (see e.g. Ref. [4] and references therein). In this paper it will be inves-
tigated to what extent this model dependence can account for the apparent
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Fig. 1. Spectroscopic strength relative to the Independent-Particle Shell Model limit
for valence orbitals as a function of the mass number according to literature values
for (d,3He) and (e,e′p) experiments. For references see Table 3.
discrepancy between reported spectroscopic factors derived from (e,e′p) and
from (d,3He) experiments.
Modern nuclear-structure calculations [5–10,12,11] predict occupations for va-
lence orbitals in the range of 60 to 90 % of the IPSM limit. The precise
value and the spreading of the strength depend sensitively on the amount of
short- and long-range correlations included in the calculation. Recently, it was
demonstrated [14] for the nucleus 7Li that structure calculations based on a
realistic nucleon-nucleon potential are indeed able to describe accurately the
momentum distributions and spectroscopic factors measured with the reaction
(e,e′p). To put such calculations to a further test for other nuclei it is necessary
to avail of accurate absolute spectroscopic factors. In this respect the exist-
ing discrepancy between spectroscopic factors deduced from the (e,e′p) and
(d,3He) reactions needs a detailed investigation. It is the aim of the present
paper to carry out such a study and to provide a consistent set of spectroscopic
factors extracted from both the (e,e′p) and the (d,3He) reaction.
In Section 2 the Coulomb Distorted Wave Impulse Approximation (CDWIA),
which is used in the analysis of the (e,e′p) experiments, and the Distorted
Wave Born Approximation (DWBA) method, used for the (d,3He) reaction,
are reviewed with special emphasis on the sensitivities of the spectroscopic fac-
tors to the various approximations made. In Section 3 it is investigated, which
part of the bound-state wave function (BSWF) is probed by the (e,e′p) and
(d,3He) reactions, in order to understand the model sensitivity arising from
the shape of the BSWF. In Section 4 one 48Ca(e,e′p) [13] and two 48Ca(d,3He)
[15,16] data sets are used for a detailed comparison between the (e,e′p) and
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(d,3He) spectroscopic factors. In Section 5 a re-analysis of (d,3He) data sets
for other nuclei is made, in which non-locality and finite range corrections are
included and BSWF’s deduced from (e,e′p) experiments are used. Conclusions
are drawn in Section 6.
2 Description of the reactions (e,e′p) and (d,3He)
2.1 The (e,e′p) reaction
In (e,e′p) experiments the energy ei and momentum ~ki of the initial electron,
and the energies and momenta of the final electron and knocked-out proton,
denoted by ef , ~kf and Ep, ~kp, respectively, are measured. The energy and
momentum transferred by the scattered electron are denoted by : ω = ei − ef
and ~q = ~ki−~kf . From energy and momentum conservation the missing energy
Em and missing momentum ~pm are determined :
Em = ei − ef − Ep − TA−1 = ω −Ep − TA−1
~pm = ~k
lab
p − (
~ki − ~kf) = ~kp − ~q, (1)
where TA−1 is the kinetic energy of the residual nucleus.
The missing energy is the energy required to separate the struck proton from
the target nucleus, where the final nucleus is left in the ground-state or in one
of its excited states. The missing momentum is, according to the definition of
Eq. (1), the proton momentum in the nucleus just before the reaction provided
that there is no further interaction between the incoming electron and the
initial nucleus and the outgoing electron and proton and the final nucleus.
In the plane-wave impulse approximation (PWIA, see below) the (e,e′p) cross
section can be written as :
d6σ
dEe′dΩe′dEpdΩp
= kσepS(Em, ~pm), (2)
where the left-hand side represents the measured (e,e′p) cross section, kσep
a kinematic factor times the elementary electron-proton cross section and
S(Em,~pm) the spectral function [17–20]. The spectral function is the joint
probability of finding a proton with momentum ~pm and binding energy Em
inside the nucleus. For a transition leading to a discrete state at Em=Etr, the
spectral function is written as the momentum distribution ρ(~pm) times a delta
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function for the energy :
S(Em, ~pm) = ρ(~pm)δ(Em − Etr). (3)
The spectral function as given in Eq. (2) cannot be determined experimentally
because the outgoing proton interacts strongly with the final nucleus (this is
often called the Final State Interaction, FSI). Moreover the factorization of
the six-fold differential cross section into an elementary electron-proton cross
section times the spectral function does not hold any more due to the FSI and
Coulomb distortions of the electron waves.
In the following a theoretical basis similar to the one used in the description of
the (d,3He) reaction is given to compute the (e,e′p) cross section, in which the
interaction between the participating particles is taken into account. The in-
fluence of various approximations made in this analysis is also investigated in
order to reveal the origin of the model uncertainties on the extracted observ-
ables. Since we want to keep the formulae transparent the angular momentum
and spin parts are not given in this article.
The basis of the theoretical description of the reaction : A+ ei → B + p+ ef
is the T-matrix formalism [21–23]. This T-matrix in the prior form is defined
in the following way :
Tif = < Ψ
(−)
f |Vi − Ui| ψA ϕ
(+)
i >, (4)
where ϕ
(+)
i (~ki, ~r ) is the incoming distorted electron wave with outgoing-wave
boundary conditions, ψA the wave function of the target nucleus, Vi the total
interaction between the incoming electron and the nucleus, from which Ui, the
potential used to generate the distorted wave ϕi, is excluded, and Ψ
(−)
f is the
exact final-state wave function of the electron-proton-residual-nucleus system
obeying incoming-wave boundary conditions. The distorting potential Ui is
usually taken to be the Coulomb potential arising from a uniformly charged
sphere.
In the distorted-wave approximation the exact final-state wave function is ap-
proximated by the product of an internal wave function for the residual nucleus
ψB, a distorted outgoing electron-wave ϕ
(−)
f (
~kf , ~r ), and the distorted outgoing
proton-wave χ(−)p (
~kp, µ ~R ) (with µ = (A−1)/A). Here the displacement of the
knocked-out proton from the residual nucleus B is denoted by ~R, while ~r is the
displacement of the electron from the center of mass of the residual-nucleus
plus proton final system (see Fig. 2a). Under these assumptions the distorted
wave transition amplitude becomes :
TDWif = < ϕ
(−)
f (
~kf , ~r ) χ
(−)
p (
~kp, µ ~R ) ψB |Vi − Ui| ψA ϕ
(+)
i (~ki, ~r ) > . (5)
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Fig. 2. The geometry used in the description of the (e,e′p) reaction (a) and the
(d,3He) reaction (b).
For light and medium-heavy nuclei the effects of the electron distortions are
small [24]; for heavy nuclei, however, these effects become sizable. Because
of the long range of the Coulomb potential it is difficult to include electron
distortions in theoretical codes that compute (e,e′p) momentum distributions.
Up to now two approaches have been followed to deal with these distortions.
In the simplest one, the Effective Momentum Approximation (EMA) [25],
the electron momenta are replaced by effective ones. A more precise treat-
ment of the electron distortions is employed in the work of Giusti and Pacati
[26,27], in which the eikonal approach is used to expand the electron waves
in powers of Zα (Z the nuclear charge and α the fine-structure constant).
For medium heavy nuclei such as the calcium isotopes this approximation is
accurate enough as all higher order terms have negligible influence on the
calculated cross sections [27]. Recently, full relativistic calculations [28–30]
have been used to analyze momentum distributions measured with the re-
action (e,e′p). The deduced spectroscopic factors are different by up to 10%
from those resulting from a non-relativistic analysis. However, in these anal-
yses relativistic Hartree-Fock wave functions are used for the BSWF, which
not always provide a satisfactory description of the experimental momentum
distributions. Moreover, the use of relativistic optical potentials at the low
proton energies (Tp ≤ 100 MeV) employed in the presently discussed exper-
iments may be questionable. We therefore limit the present analysis to the
non-relativistic approach.
The distorted proton wave, χ(−)p (
~kp, µ ~R ), is usually chosen to be the solution
of the Schro¨dinger equation with the optical potential that describes elastic
proton scattering off the final nucleus, B. The parameterization of the optical
potential is not unique; using a different parameterization to generate the
distorted proton waves results in waves identical at large distances but different
in the nuclear region where the (e,e′p) reaction takes place. The effect of
different parameterizations on the value of the extracted spectroscopic factors
has been investigated for the reaction 51V(e,e′p) [2]. A model uncertainty of
about 6 % was found there due to the treatment of the final-state interaction.
The optical potential used for the generation of the distorted waves as well
as the binding potential for the proton are local potentials. However, for fun-
damental reasons this potential is expected to be non-local. Perey [31] has
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pointed out that the wave function of a non-local potential is systematically
smaller in the nuclear interior than the wave function of the local potential
that gives an equivalent description of the elastic scattering process. This
non-locality correction can be taken into account effectively by multiplying
the local wave function with the factor :
F (r) = (1−
µpβ
2
2h¯2
UL(r))
−1/2, (6)
where µp =
A−1
A
mp is the reduced proton mass, UL(r) the local optical po-
tential and β the range of the non-locality. The non-locality correction affects
the distorted waves in the region where the potential is significantly different
from zero. This is also the region where the reaction takes place so that the
non-locality correction also affects the spectroscopic factors determined from
knock-out reactions.
The T-matrix element TDWif can be written in a way that explicitly shows the
nuclear-structure part :
TDWif =
∫
d~r
∫
d~R ϕ
(−)∗
f (
~kf , ~r ) χ
(−)∗
p (
~kp, µ ~R )×
< ψB|Vi − Ui|ψA > ϕ
(+)
i (~ki, ~r ). (7)
The matrix element < ψB|Vi − Ui|ψA > contains the nuclear-structure infor-
mation. It involves integration over all internal coordinates ξB, independent of
~r and ~R. The potential Vi describes the total interaction between the electron
and the nucleus, whereas in the distorting potential Ui the part of the inter-
action leading to the (e,e′p) channel is excluded. In this way the difference
Vi − Ui is the interaction between the electron and the struck proton :
Vi − Ui = Vep(~r, µ~R ). (8)
Since Vep is independent of the internal coordinates of ψB, the nuclear matrix
element can be factorized into Vep and the nuclear overlap integral :
< ψB|Vi − Ui|ψA > = Vep(~r, µ~R )
∫
dξB ψ
∗
B(ξB)ψA(ξB,
~R ). (9)
The integral is usually expanded into single-particle states [21] :
∫
dξBψ
∗
B(ξB)ψA(ξB,
~R ) =
∑
nℓjm
< JBjMBm|JAMA >
√
Snℓj φnℓjm(~R ), (10)
where < JBjMBm|JAMA > is a Clebsch-Gordan coefficient,
√
Snℓj the spec-
6
troscopic amplitude and φnℓjm(~R ) a normalized single particle wave function,
usually referred to as the bound state wave function (BSWF). Substituting
the foregoing two expressions into the transition amplitude yields :
TCDWIAif =
∑
nℓjm
< JBjMBm|JAMA >
√
Snℓj
∫
d~r
∫
d~Rϕ
(−)∗
f (
~kf , ~r )×
χ(−)∗p (
~kp, µ ~R )Vep(~r, µ~R ) φnℓjm(~R ) ϕ
(+)
i (~ki, ~r ), (11)
which is the Coulomb Distorted Wave Impulse Approximation (CDWIA) am-
plitude. In the code DWEEPY [27] that was used to calculate the momentum
distributions presented in Section 4, this expression is evaluated together with
the angular momentum and spin parts, which are not shown in Eq. (11). From
Eq. (11) the Distorted-Wave Impulse Approximation (DWIA) amplitude is
obtained by replacing the electron waves by plane waves :
TDWIAif =
∑
nℓjm
< JBjMBm|JAMA >
√
Snℓj
∫
d~r
∫
d~R exp(−i~kf ·~r )×
χ(−)∗p (
~kp, µ ~R )Vep(~r, µ~R ) φnℓjm(~R ) exp(i~ki ·~r ). (12)
In order to gain some further insight into Eq. (12) and to make the connection
with the PWIA expression the Coulomb potential is now used for the inter-
action : Vep = α/|µ~R − ~r |. With this potential the integration over ~r can be
performed :
TDWIAif =
∑
nℓjm
< JBjMBm|JAMA >
4πα
~q 2
√
Snℓj ×
∫
d~R exp(−i~q ·µ~R ) χ(−)∗p (
~kp, µ ~R ) φnℓjm(~R ), (13)
where ~q = ~ki−~kf . The Plane-Wave Impulse Approximation (PWIA) amplitude
is obtained from the expression (13) by replacing the distorted proton waves
by plane waves :
TDWIAif =
∑
nℓjm
< JBjMBm|JAMA >
√
Snℓj ×
∫
d~R exp(i~q ·µ~R ) exp(−i~kp ·µ~R ) φnℓjm(~R )
=
∑
nℓjm
< JBjMBm|JAMA >
√
Snℓj
∫
d~R exp(−i~pm · ~R ) φnℓjm(~R ), (14)
where in the last expression the proton momentum ~kp, which is the center-
of-mass momentum, has been written in terms of laboratory momenta : ~kp =
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~klabp + ~pm/(A−1). Expression (14) is just the Fourier transform of the BSWF.
After including the angular momentum and spin parts and squaring the Tif -
matrix element the well known expression [17] for the (e,e′p) cross section is
obtained.
When distortions (of the proton or electron waves) are included, the cross
section cannot be factorized any more into σep and S(Em,~pm) (see Eq. (2)).
For convenience one defines the reduced cross section or distorted momentum
distribution (both the experimental and the calculated one) by
ρD(~pm)δ(Em − Etr) = S
D(Em, ~pm) =
1
kσep
d6σCDWIA
dEe′dΩe′dEpdΩp
(15)
(compare eqs. 2 and 3). In calculating the sixfold differential cross section there
is some ambiguity in the current operator to be used as the proton is off-shell
[32–34]. However, in the used kinematics the influence on the spectroscopic
factors of the different prescriptions as given by de Forest [32] is smaller than
a few percent.
2.2 The (d,3He) reaction
The basis of the DWBA description [21–23] of transfer reactions A+a→ B+b,
such as the (d,3He) reaction presently under study, is the transition amplitude :
Tαβ =<Ψ
(−)|Vα − Uα|ψAψaχ
(+)
α (
~kα, ~rα)>, (16)
where α (β) is the entrance (exit) channel with projectile (ejectile) a (b) and
target (final) nucleus A (B ) and ~rα the displacement of a from A (see Fig. 2b).
The interaction Vα is the sum of two-body interactions between the nucleons
of the projectile and those of the target nucleus. The wave function ψa (ψA) is
the internal wave function of the projectile (target nucleus), while χ(+)α (
~kα, ~rα)
is the solution of the Schro¨dinger equation for the incoming particle with the
distorting potential Uα, usually chosen to be an optical potential that fits the
elastic scattering in channel α, and Ψ(−) is the exact wave function of the
system with incoming-wave boundary conditions.
In the DWBA method the following approximations are made :
First the exact wave function Ψ(−) is replaced by a product of internal wave
functions of the outgoing particle ψb, the residual nucleus ψB and a function
χ
(−)
β (
~kβ, ~rβ) describing the elastic scattering of the outgoing particle off the
final nucleus B. This leads to the distorted-wave transition amplitude :
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TDWαβ =<χ
(−)
β (
~kβ, ~rβ) ψbψB|Vα − Uα|ψAψa χ
(+)
α (
~kα, ~rα)>
=
∫
d~rβ
∫
d~rα χ
(−)∗
β (
~kβ, ~rβ) <Bb|Vα − Uα|Aa> χ
(+)
α (
~kα, ~rα), (17)
where ~rβ is the displacement of b from B (see Fig. 2a). In the nuclear ma-
trix element < ψbψB|Vα − Uα|ψAψa > the integration is performed over all
coordinates independent of ~rα and ~rβ.
The second approximation deals with the interaction Vα−Uα, which is replaced
in the prior formalism by the interaction between the transferred nucleon and
the projectile nucleons :
Vα − Uα ≈
a∑
i
Vin = Van(~r ), (18)
where the sum runs over all the constituents of the projectile a, n is the
nucleon to be transferred and ~r is the displacement of the pickup nucleon
from the center of mass of the projectile. (In principle this interaction should
be taken off-shell. In view of the many other approximations made, this point
is probably not relevant and is always neglected in analyses.)
The above approximations are based on the following assumptions made for
the transfer reaction mechanism itself. Firstly it is assumed that the interac-
tion that drives the reaction is weak enough so that the reaction process may
be treated in first order perturbation theory. Secondly the reaction is assumed
to be a one-step process; the transferred nucleon is picked up by the incom-
ing projectile, whereas all other target nucleons do not change their state of
motion.
The distorted waves, χ(+)α (
~kα, ~rα) and χ
(−)
β (
~kβ, ~rβ), are usually chosen to be
the wave functions of optical potentials describing elastic scattering in the
entrance and exit channels. However, as already mentioned, the same elastic
scattering data can be described with different parameterizations of the op-
tical potential, resulting in waves identical at large distances but differing in
the nuclear region. Their contribution to the transition amplitude will differ
accordingly and gives rise to an extra uncertainty in the spectroscopic fac-
tors deduced from transfer reactions. In contrast to the (e,e′p) reaction where
only one wave function enters that is generated in an optical model potential,
in the (d,3He) reaction two such wave functions are entering. Moreover, the
uncertainty in the optical-model wave functions of composite particles in the
interior of the nucleus is appreciably larger than that for nucleons. Conse-
quently, the uncertainties due to different possible parameterizations of the
optical-model potential are larger for spectroscopic factors deduced from the
(d,3He) reaction.
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As pointed out earlier, non-locality corrections must be applied to the wave
functions obtained from the (local) optical potential. This correction affects
the wave functions of the projectile and ejectile in the region where the transfer
takes place.
The nuclear matrix element in Eq. (17) can be expanded, along the lines given
in [23], into the nuclear overlap integral as given in Eq. (10) and into the over-
lap between the projectile and ejectile : f(~r ) = < ψ∗b (ξa, ~r )|Van(~r )|ψa(ξa) >.
This gives for the DWBA transition amplitude :
TDWαβ ∝
∑
nℓjm
√
Snℓj
∫
d~rβ
∫
d~rα χ
(−)∗
β (
~kβ, ~rβ)φnℓjm(~R )f(~r )χ
(+)
α (
~kα, ~rα).(19)
The evaluation of this amplitude involves a six-dimensional integral over ~rα
and ~rβ. A reduction to a more convenient three-dimensional integral is achieved
in the zero-range approximation, where the effective interaction Van(~r ) is as-
sumed to have a range equal to zero, so that
f(~r ) =D0δ(~r ),
D0=
∫
d~r < ψ∗b (ξa, ~r )|Van(~r )|ψa(ξa) > . (20)
The physical meaning of this approximation is that the ejectile b is assumed
to be emitted at the same position where the absorption of the projectile a
has taken place. The effect of neglecting the finite range of the interaction is
that the spectroscopic factors deduced from transfer reactions in a zero-range
analysis are larger than the ones obtained from a full finite-range analysis [4].
Full finite-range calculations are hard to perform because of the six dimen-
sional integral in Eq. (19). However it has been shown by Buttle and Goldfarb
[35] that the effects of the finite range of the interaction can be taken into
account approximately (local energy approximation, LEA) by replacing the
delta function in Eq. 20 by the following radial factor :
Λ(r) = [1+
2mamp
h¯2mb
R2fr(Eα − Uα(µr) + Ep − Up(r)− Eβ + Uβ(r))]
−1, (21)
in which Rfr is the finite range distance.
3 BSWF probing functions
As shown in Section 2, the transition amplitudes of both the (e,e′p) and (d,3He)
reaction consist of the nuclear matrix element sandwiched between the incom-
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ing and outgoing distorted ”probing” waves (see eqs. (7) and (17)). In this
section it is investigated to which part of the BSWF the (e,e′p) reduced cross
section and the (d,3He) cross section are sensitive.
Cross sections are obtained from the T-matrix elements by integrating the ra-
dial coordinate from zero to infinity. The radial sensitivity of the cross section
was investigated by varying the lower radial integration bound between 0 and
10 fm and plotting these results as :
P (r) =
1
∆r
(σr−∆r/2 − σr+∆r/2), (22)
where σx reperesents the cross section calculated with a lower limit x on the
integral over the T-matrix element :
σx ∝ |
∞∫
x
T (r) dr|2. (23)
In this way the separate contribution of the interval ∆r around r to the cross
section was obtained and hence the part of the BSWF to which the reaction
is sensitive can be determined.
For the reaction 48Ca(e,e′p) these calculations were performed for the tran-
sitions leading to the 1/2+ ground-state and the first 3/2+ excited state in
47K. The BSWF shown in the upper part of Fig. 3 that was used in these
calculations was generated in a Woods-Saxon well with the parameters as
given in Section 4. In that section the other parameters that entered these
CDWIA calculations are also given. The results of the calculation of P (r) for
the (e,e′p) reaction are shown in the middle part of Fig. 3 for different values
of the missing momentum. From this figure it can be seen that the (e,e′p)
reaction is sensitive to the whole BSWF and the largest contribution to the
momentum distribution comes from those regions in r, where also r2Φnlj(r)
is large. For the 1d3/2 orbital this is the region between r=2.5 and 4.5 fm
and for the 2s1/2 orbital between r=0.7 and 6.7 fm. Because of the node in
the 2s1/2 orbital, for low missing momenta, there is a destructive contribution
to the momentum distribution from the inner lobe, whereas this contribution
becomes constructive for high missing momenta.
For the above mentioned transitions the sensitivity to the BSWF was also
determined for the (d,3He) reaction. The DWBA calculations were performed
with the parameters as given in Section 4 and the same BSWF as for the (e,e′p)
experiment was used. The results of these calculations are presented in the
lower part of Fig. 3. Here it can be seen that apart from strong interferences
between the incoming and outgoing distorted waves in the interior of the
nucleus, the (d,3He) reaction is most sensitive to the region between r=5
11
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Fig. 3. a) The BSWF as obtained from the present (e,e′p) experiment for the 1d3/2
and 2s1/2 orbitals. b) The sensitivity P (see text) of the (e,e
′p) momentum distri-
butions to these BSWF. c) The sensitivity P (see text) of the (d,3He) differential
cross sections to these BSWF.
and 10 fm. Therefore, the (d,3He) reaction is not sensitive to the details of
the BSWF inside the nucleus. In the region where the (d,3He) reaction is
sensitive the BSWF has the global form : ν exp(−κr), where κ depends on the
(measured) binding energy of the proton, and the normalization ν depends
on the depth and shape of the potential that generates the BSWF. As the
spectroscopic factor is the integral of the BSWF over the total radial region,
one can only determine spectroscopic factors from the (d,3He) reaction by
assuming some shape for the BSWF.
The conclusion is that with the (e,e′p) reaction the BSWF is probed in the
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whole radial region whereas, with the (d,3He) reaction only the exponential
tail of the BSWF is probed. This tail is very sensitive to the exact shape of
the used proton-binding potential. The shape of the BSWF introduces thus
a large model dependence, sometimes up to 50% [4], in spectroscopic factors
deduced from (d,3He) experiments.
Given this sensitivity, it is even questionable whether ratios of spectroscopic
factors for different isotopes can be determined accurately in the (d,3He) re-
action [36], as it is not certain that the radius of the BSWF well scales with
A1/3.
4 Analysis of the 48Ca data
4.1 Analysis of the 48Ca(e,e′p) experiment
The experimental (e,e′p) momentum distributions were obtained with the co-
incidence set-up at NIKHEF [37]. Two metal foils with a thicknesses of 7.3 and
15.0 mg/cm2, enriched to 95.2 % in 48Ca were used. Reduced cross sections
were obtained under parallel kinematic conditions in the range between -60
and 260 MeV/c. The electron beam energy was 440 MeV and the outgoing
proton kinetic energy was 100 MeV. The experimental systematic error on
the extracted distributions is 4 %. Further details can be found in Ref. [13].
The CDWIA calculations were performed with the code DWEEPY [27]. The
proton optical-potential parameters were obtained from the work of Schwandt
et al. [38]. A non-locality correction according to the prescription of Perey [31]
(see also Eq. (6)) was applied with a range parameter β of 0.85 fm. The bound
state wave function was calculated in a Woods-Saxon well with a diffuseness
a0 of 0.65 fm and a Thomas spin-orbit parameter λ of 25. A non-locality cor-
rection was also applied to the BSWF with a βnloc of 0.85 fm. The well depth
V0 and the radius parameter r0 were adjusted with the separation energy as
a constraint to get the best description of the measured momentum distribu-
tions. In Fig. 4 these reduced cross sections are shown for the transitions to
the first three positive parity states together with the results of the CDWIA
calculations, while in Table 1 the deduced spectroscopic factors and radii of
the BSWF are given.
4.2 Re-analysis of the 48Ca(d,3He) experiments
For the comparison with the data from the (e,e′p) experiment a re-analysis of
two (~d,3He) experiments was performed. The first (d,3He) experiment [15] was
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Fig. 4. Momentum distributions for the first three positive-parity transitions in the
reaction 48Ca(e,e′p) together with curves obtained from the CDWIA calculations
as mentioned in the text.
performed with an incoming deuteron energy of 79.2 MeV. Further details of
this experiment can be found in the original paper [15]. In the analysis in that
paper a local zero-range DWBA calculation was used for the extraction of the
spectroscopic factors together with a BSWF potential well with r0=1.25 fm,
a0=0.60 fm and V0 adjusted to get the correct binding energy. Non-locality
corrections were not applied to the BSWF. The ratio of the spectroscopic
factors given in [15] to those deduced from the present (e,e′p) experiment for
several discrete states is shown in Fig. 5a as a function of the excitation energy.
The (d,3He) spectroscopic factors calculated this way are on the average 50%
higher than those obtained from the (e,e′p) experiment.
In the present re-analysis, performed with the code DWUCK4 [41], non-
locality corrections and finite range corrections via the LEA approach were
included together with the BSWF obtained from the present (e,e′p) experi-
ment. The same optical model parameter sets for the deuteron and 3He waves
were used as in Ref. [15]. Spectroscopic factors deduced with this re-analysis
are given in Table 1. In order to estimate realistic errors on the spectroscopic
factors deduced from the (d,3He) experiment the following sources of uncer-
tainties were taken into account : i) a total experimental systematic error of
5% which includes the error on the target thickness; ii) the effect of the un-
certainty (about 3%) in the rms radii obtained from the (e,e′p) experiment,
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Table 1
Spectroscopic factors for proton pick up from 48Ca deduced from (e,e′p) and from
(d,3He) experiments.
Ex J
π r0 rrms
+) S (e,e′p) S(d,3He)[15] S(d,3He)[16]
[MeV] [fm] [fm] LZR NLFR NLFR
0.00 1/2+ 1.228(47) 3.58(10) 1.07 ( 7) 1.55 0.96 0.94(25)
0.36 3/2+ 1.254(48) 3.54(10) 2.26 (16) 4.16 2.39 2.31(65)
3.42 5/2+ 1.128(44) 3.39( 9) 0.683(49) 1.02 1.28 1.07(31)
3.85 1/2+ 1.294(51) 3.59(10) 0.167(14) 0.28 0.12
3.95 3/2+ 1.288 3.54 0.323(27) 0.70 0.32
5.24 5/2+ 1.192(48) 3.49( 8) 0.288(21) 0.32 0.27
5.49 5/2+ 1.182(46) 3.47( 9) 0.746(52) 0.94 0.84
6.51 5/2+ 1.265(56) 3.62(12) 0.160(14) 0.22 0.11
6.87 5/2+ 1.162(65) 3.41(14) 0.070( 7) 0.14 0.14
7.81 5/2+ 1.243(49) 3.56( 9) 0.434(32) 0.71 0.42
8.13 5/2+ 1.299(54) 3.46(12) 0.228(19) 0.33 0.26
+) rms radius in the proton A-1 system.
which yields 25% for the transition to the 1/2+, 28% for the transition to the
3/2+ and 29% for the transition to the 5/2+state; iii) a 10% uncertainty due
to the < d|3He> overlap function (the value of D0); and iv) at least a 10% un-
certainty due to different possible parameterizations of the deuteron and 3He
optical potentials. The latter number is taken from [4], where the sensitivity of
the spectroscopic factors to different optical potential parameterizations was
investigated for the reaction 51V(d,3He)50Ti at 53 MeV.
The ratio of the spectroscopic factors obtained from the present analysis of
the (d,3He) data to those obtained from the (e,e′p) experiment is plotted in
Fig. 5b. The average ratio is one, so it is concluded that, except for two points,
there is a very good agreement between the spectroscopic factors obtained from
both reactions. This agreement is obtained by including non-locality and finite-
range corrections in the analysis together with experimental BSWF’s obtained
from the (e,e′p) experiment. Finite-range corrections reduce the spectroscopic
factors by about 15 % and the use of the BSWF determined from the (e,e′p)
analysis gives a a further reduction of 30 to 40 %.
The deviation of the spectroscopic factors and the relatively small rms radius
for the transition leading to the 3.42 MeV excited state in 47K might be as-
cribed to some unresolved 1f7/2 strength at 3.4 MeV [13] but in the scarce
literature on the level scheme of 47K no 7/2− states have been reported so far.
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Fig. 5. a) The ratio of the spectroscopic factors given in Ref. [15] derived from a
local zero-range analysis of the 48Ca(d,3He) experiment and those obtained from
the present 48Ca(e,e′p) experiment for various transitions observed in both reactions
as a function of excitation energy. The solid line represents the average. b) The
same ratio after including non-locality and finite-range corrections in the (d,3He)
analysis and using the BSWF’s obtained from the (e,e′p) experiment. A 30% error
was assigned to the (d,3He) spectroscopic factors in both cases.
The reduced cross section for this transition can also be described well with a
BSWF with an rms radius of 3.47 fm, which is the average value for the 1d5/2
orbital obtained from all the 5/2+ transitions observed in the (e,e′p) experi-
ment. This gives a 3 % lower spectroscopic factor in the (e,e′p) experiment, but
in the (d,3He) analysis the spectroscopic factor drops by 14 %. The deviation
for the spectroscopic factor for the very weak transition at 6.87 MeV may be
due to the uncertainty in the rms radius that is not well determined from the
(e,e′p) experiment. It is also possible that two-step processes have a different
effect on the (e,e′p) and (d,3He) cross sections for this weak transition.
The second experiment was performed with an incoming deuteron energy of
56 MeV [16]. Angular distributions and asymmetries were measured for the
first three positive parity transitions, leading to 1/2+, 3/2+and 5/2+ states
in 47K, see Fig. 6. The used optical-model potential parameterizations for
the deuteron and 3He waves were obtained from elastic deuteron and 3He
scattering off 48Ca [39] and are listed in Table 2. The non-locality corrections
were taken into account according to the prescription of Perey [31] (see also
Eq. (6)). For the deuteron and 3He wave-functions the parameters are given
in the last column of Table 2. The same BSWF as obtained in the analysis
of the (e,e′p) experiment was employed in the calculation of the (d,3He) cross
sections.
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Table 2
Optical potential parameters [39] for deuteron and 3He scattering off 48Ca.
particle Elab Vr r0 a0 Wv Wd ri ai
[MeV] [MeV] [fm] [fm] [MeV] [MeV] [fm] [fm]
d 56.0 79.0 1.154 0.755 6.431 4.992 1.490 0.694
3He 45.0 184.6 1.115 0.713 - 21.95 1.217 0.812
particle Vls rls als rc βnloc
[MeV] [fm] [fm] [fm] [fm]
d 7.60 0.986 0.777 1.30 0.54
3He - - - 1.40 0.2
Finite-range effects were included by applying the LEA correction (Eq. (21)).
A finite range distance of 0.77 fm was used together with the Bassel normal-
ization [40]D0=2.95 for the overlap between the deuteron and the
3He ejectile.
The LEA approach was compared to full finite-range calculations performed
with the code DWUCK5 [41]. In the latter calculations the D-state of the
deuteron was included and a (d,3He) overlap function was used that yields
D0=2.95. The cross sections in the full finite range calculations were globally
10 to 15 % larger (and hence the spectroscopic factors smaller) than in the
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LEA calculation. As the used value of D0 has also an uncertainty for conve-
nience all DWBA calculations to be presented were performed in LEA and the
presented spectroscopic factors were obtained from those. In Fig. 6 the results
of DWBA calculations are shown for the transitions mentioned. Both angular
distributions and asymmetries are described well with the used optical poten-
tials and the BSWF’s obtained from the (e,e′p) experiment. The spectroscopic
factors extracted for these three transitions are given in Table 1. An estimate
of the errors on the spectroscopic factors from this (d,3He) experiment gives
typically numbers between 25 and 35 %.
5 (d,3He) spectroscopic factors for other nuclei
A similar comparison as for 48Ca has also been made for other nuclei where
good (e,e′p) and (d,3He) data exist. For these nuclei the (d,3He) data were
re-analyzed in the same way as described above. The optical potentials were
taken from the original papers, non-locality and finite-range corrections were
included in the same way as for 48Ca and the BSWF’s were taken from the
(e,e′p) work. Only pick-up from the valence shells was considered. The result
of this comparison is presented in Table 3, while in Fig. 7 the spectroscopic
factors expressed as a fraction of the IPSM limit are shown. The agreement
between the spectroscopic factors for these transitions from the (d,3He) ex-
periments and (e,e′p) experiments is very good. The average ratio of (d,3He)
over (e,e′p) spectroscopic factors is 1.01 with a spread of 0.25. The error on
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Table 3
Spectroscopic factors deduced from the re-analysis of existing (d,3He) data.
target Ex J
π S (e,e′p) r0 S (d,
3He) S (d,3He)
nucleus [MeV] [fm] literature re-analysis
12C 0.000 3/2− 1.72 (11) [42] 1.35 (2) 2.98 [43] 1.72
2.125 1/2− 0.26 ( 2) 1.65 (2) 0.69 0.27
5.020 3/2− 0.20 ( 2) 1.51 (2) 0.31 0.11
16O 0.000 1/2− 1.27 (13) [44] 1.37 (3) 2.30 [45] 1.02
6.320 3/2− 2.25 (22) 1.28 (2) 3.64 1.94
31P 0.000 0+ 0.40 ( 3) [46] 1.27 (2) 0.62 [47] 0.36
2.239 2+ 0.60 ( 5) 1.18 (3) 0.72 0.49
3.498 2+ 0.28 ( 2) 1.12 (3) 0.30 0.19
40Ca 0.000 3/2+ 2.58 (19) [48] 1.30 (5) 3.70 [49] 2.30
2.522 1/2+ 1.03 ( 7) 1.28 (6) 1.65 1.03
51V 0.000 7/2− 0.37 ( 3) [2] 1.30 (3) 0.73 [50] 0.30 [4]
1.554 7/2− 0.16 ( 2) 1.31 (4) 0.39 0.15
2.675 7/2− 0.33 ( 3) 1.32 (3) 0.64 0.26
3.199 7/2− 0.49 ( 4) 1.34 (3) 1.05 0.39
4.410 1/2+ 0.28 ( 3) 1.22 (3) 0.63 0.22
6.045 1/2+ 0.35 ( 3) 1.27 (4) 1.10 0.30
90Zr 0.000 1/2− 0.72 ( 7) [2] 1.32 (3) 1.80 [51] 0.60 [52]
0.909 9/2+ 0.54 ( 5) 1.31 (2) 1.25 0.30
1.507 3/2− 1.86 (14) 1.27 (2) 3.90 1.20
1.745 5/2− 2.77 (19) 1.30 (2) 8.90 2.40
142Nd 0.000 5/2+ 1.39 (23) [53] 1.29 (9) 2.53 [54] 1.25
0.145 7/2+ 3.14 (43) 1.26 (8) 6.28 3.79
1.118 11/2− 0.56 ( 7) 1.28 (8) 0.74 0.36
1.300 1/2+ 0.05 ( 1) 1.26 (9) 0.11 0.07
the spectroscopic factors obtained from the (e,e′p) experiments, typically 10%,
was taken from their respective references and a 25% error was assigned to the
spectroscopic factors from the (d,3He) experiments. The latter error is mainly
due to to the large dependence of the spectroscopic factors on the rms radius
of the BSWF : ∆S/S ≈ 7∆rrms/rrms.
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Table 4
Spectroscopic factors (continued from Table 3)
target Ex J
π S (e,e′p) r0 S (d,
3He) S (d,3He)
nucleus [MeV] [fm] literature re-analysis
206Pb 0.000 1/2+ 0.68 ( 6) [55] 1.23 (9) 1.15 [56] 1.03
0.203 3/2+ 1.10 ( 9) 1.27 (9) 1.77 0.99
0.616 5/2+ 0.32 ( 3) 1.23 (8) 0.52 0.44
1.151 3/2+ 0.52 ( 5) 1.28 (9) 0.66 0.37
1.479 11/2− 3.58 (32) 1.25 (9) 6.94 5.21
208Pb 0.000 1/2+ 0.98 ( 9) [55] 1.25 (8) 1.8 [57] 1.5
0.350 3/2+ 2.31 (22) 1.23 (8) 3.8 2.2
1.350 11/2− 6.85 (68) 1.16 (9) 7.7 5.4
1.670 5/2+ 2.93 (28) 1.19 (8) 3.5 3.1
3.470 7/2+ 2.06 (20) 1.15 (9) 3.5 2.9
In view of the above conclusion that the spectroscopic factors deduced from
(e,e′p) and (d,3He) reactions are in agreement, and exhaust only about 60 %
of the IPSM value, the question may be asked why previously applied [58]
spin-dependent sum rules for hadronic transfer reactions yielded values close
to 100 %. As argued earlier by us [59], this sum rule, which connects stripping
and pick-up strengths, is only valid if all strength for a given spin is included
in the summation. This condition is clearly not fulfilled, as is known both
from experimental data and from modern nuclear-structure calculations. In
angular-momentum decompositions [2,44,46,48,55] of spectral functions ob-
tained with the reaction (e,e′p), it has been shown that spectroscopic strength
distributions for a given angular momentum possess long tails extending to
large energies. These tails, which may contain up to 20 % of the total strength
in the energy distribution, have not been included in the sum-rule analysis.
Moreover, calculations of correlated nuclear matter [5] have shown that not
only the energy distributions of hole states, but also those of particle states
exhibit such tails, which extend to several hundred MeV beyond the quasi-
particle pole. Consequently, application of the sum rule will necessarily fail,
since appreciable parts of both the hole and the particle strength are lacking
in the summation.
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6 Conclusion
In this article it has been shown that spectroscopic factors obtained from
(e,e′p) and (d,3He) experiments are mutually consistent, provided that in the
DWBA calculations for the analysis of the (d,3He) data non-locality and finite-
range corrections are included together with the BSWF obtained from (e,e′p)
experiments. It was also shown that the (e,e′p) reaction is sensitive to the
whole BSWF, whereas the (d,3He) reaction is only sensitive to the exponen-
tial tail of the BSWF. This tail is very sensitive to the assumed shape of
the potential well used to generate the BSWF. From the consistency of the
obtained results it can be concluded that the reaction mechanism for these
transitions in (e,e′p) as well as in the (d,3He) reaction is understood well
enough to obtain reliable nuclear structure information. From both reactions
a spectroscopic strength of about 50 to 70% of the IPSM limit is found for
strong valence transitions.
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